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AbshcL Low-frequency light scattering spectra of Ihe incDmmensurate phase of quam 
show the presence of weak additional peaks in he  6-17. cm-' range. nese peaks 
are shown U) mrrespond to 'folded acoustic phonons with a wavevector close to the 
incommensurate modulation wavevenor. A transvene acoustic made and a longitudinal 
mode mn be identified in the (ZZ) and (X + Y, Z) polarization mnfigurations, 
respectively. Selection m l e ~  for Raman activation of acoustic modes are derived in 
the special case of the 'triple-9' incommensurate structure, and the results are compared 
with experimental observations. 

1. Introduction 

When atomic positions of a crystal are spatially modulated with a wavelength 
commensurate with the lattice parameters, the new unit-cell dimension is a multiple 
of that of the primitive value and the Brillouin zone is folded in the reduced- 
zone scheme. As a consequence of this reduction in translational symmetry, the 
phonon modes with a Wavevector equal to the modulation wavevector in the primitive 
crystal become zone-centre modes and they can be ObSeNed in Raman or infrared 
spectroscopy. 

This effect has been particularly well evidenced in artificially fabricated 
superlattices (Jusserand and Cardona 1989) and it has proved to be an interesting way 
to study the phonon dispersion curves in these systems. In the case of incommensurate 
modulation there is a full breaking of aanslational symmetry, and the Brillouin zone 
of the modulated crystal has a vanishing width along the modulation wavevector 
direction. Strictly speaking, all the phonon modes with a wavevector along that 
direction can be optically active. The number of modes with a non-negligible oscillator 
strength, however, is expected to be small (Janssen 1986). In the case of a weak 
sinusoidal incommensurate modulation, only the phonon modes with a Wavevector 
close to the modulation wavevector have an observable activity (Dvorak and Petzelt 
1978). This can be most simply discussed, in the case of Raman scattering, by 
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expanding the dynamical permittivity tensor as a function of the incommensurate 
order parameter (Qno,j,) (Poulet and Pick 1981): 

In this expression, Q,,j is a phonon normal coordinate with vector q and branch index 
j ;  j, corresponds to the soft branch and qu is the modulation wavevector. Selection 
rules for the activation of the ( - q u , j )  phonon in the light scattering spectrum of 
the incommensurate phase are readily derived from equation (1) by studying the 
transformation properties of the product (Qqo,jo)Qqo,j under the symmetry operation 
of the point group of the parent (high-temperature) phase. When j is the soft 
branch itself (j = ju), the normal coordinates of the excitations are, in fact, linear 
combinations of Qqo,,, and Q-qo, jo  which are called amplitudons and phasons. When 
j is different from j,, equation (1) describes the activation of 'hard modes' which 
correspond to Brillouin zone folding. 

Experimental observations of these folded hard modes which are quite common in 
the case of commensurate modulated phases (e.g. in SrTiO, (O'Shea ef al 1967), ?as, 
(Duffey ef al 1976)) are not so frequent for incommensurate systems. Folded acoustic 
modes have been observed in A,BX,-type crystals by Raman scattering (Lee and 
Cummins 1989) and by infrared or submillimetre spectroscopy (lbrgashev el al 1992) 
in their commensurate phases and, for some of them, also in their incommensurate 
phase. The light scattering spectrum of ammonium hydrogen oxalate shows evidence 
of folded acoustic modes in the high-pressure-induced incommensurate phase (Godet 
ef al 1989). In the case of quartz we have also suggested that the new peaks which 
appear in the incommensurate phase may arise from folded acoustic modes (Berge cl 
al 1984a, h, Shionoya ef a1 1986). In this paper we present additional measuremem 
which strongly support this assignment. 

2. Low-fmquency Raman spectrum of incommensurate quartz 

Quartz crystals exhibit an incommensurate phase over a small range of temperatures 
(T, < T < T, with T, 2: 847 K and 7, cz Ti - 1.39 K) between a hexagonal p 
high-temperature phase and a trigonal a low-temperature phase. (For a review of 
incommensurate quartz see Dolino (1986)). One feature of this incommensurate 
phase is its 'triple-q' character: three modulation waves with wavevectors at 120" 
from each other condense simultaneously. Inelastic neutron scattering experiments 
(Dolino et a1 1992) have shown that the incommensurate phase arises from the 
instability of an overdamped soft phonon corresponding to a mixing of an optic mode 
with a uansverse acoustic (TAL) mode polarized in the basal plane. The modulation 
wavevectors are close to the Brillouin zone centre (lqul cz 0.03a' (where a' is the 
unit-cell parameter of the reciprocal lattice)). Both the modulus and the direction of 
these wavevectors change when the temperature is varied between T, and T,. Raman 
and Brillouin scattering spectra have been extensively studied in incommensurate 
quartz (Berge et al 1984a, b, Shionoya et a1 1986, Shigenari ef a1 1987, Abe ef a1 
1989). In figure 1 we show the Raman spectra measured by Berge ef al (1984b) 
using the X ( Z Z ) Y  configuration. Above T,, and just below Ti,  one can see only 
the longitudinal acoustic (LA) Brillouin peak and a broad temperature-dependent 
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Figure 1. Low-frequency ( Z Z )  Raman spectmm of quam at various temperatures in 
the incDmmensurale phase and in h e  a-phase (at 7; - 1.39 K, i.e. just below Tc) (a."., 
arhitraly units). ?he intensity increase klow 1.5 m-' mrresponds to the LA Brillouin 
scattering peak. 

central peak. The latter is assigned to a two-phonon Raman scattering process. The 
sharp dip which is systematically observed on the high-frequency side of the LA peak 
is interpreted as an interference effect between the LA mode and the broad two- 
phonon band. pis spectral shape can be quantitatively well interpreted by such a 
coupled-mode model.) At temperatures below about q-0 .5  K, an additional feature 
appears, the intensity of which increases when approaching T,. The shape of this 
new feature, however, is not simple and a double-peak structure appears close to 
T,. This could indicate the activation of two resonant modes. However, considering 
the asymmetry of the line profile, it seems more likely that we are again in presence 
of an interference effect of a single resonant mode with the underlying broad-band 
peak Under this latter hypothesis, the resonance frequency of the mode can be 
approximately determined by subtracting an extrapolated background corresponding 
to the broad central peak and by taking the intercept of the resulting spectrum with 
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the frequency axis (figure 2(b)). In the Same way, the damping of this mode can be 
approximately deduced from the separation between the maximum and the minimum 
obtained in the spectrum after background subtraction. The temperature dependence 
of the resonance frequency and of the damping determined in this way are shown in 
figure 2(0). 

Fiyre 2 (0) 'kmperalure dependence of the resonance frequency (0) and of the width 
(0) of the additional mode observed in the (ZZ) Raman s p e l "  of incommensurate 
quam as deduced using the melhod in (b); -, calculated frequency of the 'c42 
folded acoustic modes. (b) shape of the additional mode observed in lhe (22) 
Raman speclum, after subtraction of an (extrapolated) had-band central peak. p i i s  
shape k interpreted as arising m m  an interference effect.) Ihe resonance frequency is 
approximately given ty the intercept with the horizontal axis and the width mrresponds 
approximately to the wpamtion klween the maximum and the minimum of the peclrum. 

In figure 3 are shown new experimental data relative to the X ( Z X ) Y  geometry. 
These spectra have been recorded using a 2 m focal length grating monochromator 
(SOPRA) and an OMA (with light amplifier) detection system. Owing to imperfections 
in the grating, 'ghosts' of the Brillouin and Rayleigh lines were observed. Their 
intensities were typically of the order of magnitude of the new peak which appears 
in the incommensurate phase. Fortunately, as these ghosts appear at temperature- 
independent frequencies, they can be subtracted. One peak, approximately symmetric, 
can then be clearly identified. The intensity profile for both Stokes and anti-Stokes 
peaks was found to be well fitted by a Lorentzian lineshape: 

r ( w )  = r, { I / [ ( ~  - w " ) ~  + r2] + i / [ ( w  + w , ) ~  + rZ1) . (2) 
(For an unexplained reason this profile provides a better fit than a damped harmonic 
oscillator function.) "he least-squares fitting procedure leads to a temperature 
dependence of the parameters wu, r and I, shown in figure 4 and figure 5. 

3. Analysis of the results and discussion 

The analysis of the spectra can be made using the general method described in the 
introduction. Due care has to be paid, however, to the simultaneous condensation 



Folded acousfic modes in incommensurafe quam 99.35 

r I I Ti-0.44K I 

x 
v) 
C aJ 
Y 
C 
U 

Y ._ 

J .  

Ti-1. OOK I ... 
. .  

-10 -5 0 5 10 15 
Frequency Shift  (cm-1) 

Figure 3. Low-frequenq (ZX) Raman speetmm of incommensurate quartz at wrious 
Iempemlures (a&, arbilraty units). A reterence specmm recorded at a temperature jus1 
above T, has been sublmcted from Ihe experimental spectra. 

of phonons at six wavevectors kq,, fg, and fq,, at T = 7;. As explained in a 
previous paper (Vallade ef a1 1987), the normal-mode coordinates of the excitations 
in the incommensurate phase are linear combinations of the six coordinates Q j ( q i )  
corresponding to these six wavevectors. For example, when j = j ,  (the Soft-branch 
index), these excitations can be decomposed into three amplitudons, two gapless 
phasons and a phason with a gap. Each of these modes transforms as an irreducible 
representation of the point group C, of the incommensurate 'triple$ phase and we 
found that some of them are Raman active, All these soft-mode excitations, however, 
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Figure 4 Emperature dependence of the Figure 5. Pmperature dependence of the peak 
m n a n a  frequenq (0) and of the damping intensity (0) and of the integrated intensity (0) 
mnSLant (0) of the additional mode in the ( Z X )  of the peaks of figure 3 (fitted using a hrentzian 
Raman spectrum, where the peaks in figure 3 have lineshape) (a&, arbitrary units): -I best linear 
been fitted using a Loreneian lineshape: -- fit; - -  -* temperature dependence of p'q,"fwk, 
Qlculated frequency of the LA folded acoustic wi~ere pz is asumed to be proportional to the 
modes. thermal expansion Vz=(T).  

are expected to be. overdamped, since the soft branch itself is found to be overdamped 
over a large temperature range above T, (Dolino et ol 1992). Therefore they are 
expected to contribute to the broad central peak. The sharp resonances described 
in section 2 are more probably due to 'hard modes' on the acoustic branches. Six 
folded acoustic modes correspond to each branch index j (j  = TAI, m or LA). 
They can be classified according tu the irreducible representations of the point group 
C, of the 'triple-q' incommensurate phase and one finds for each branch the same 
representation A + B, + E; + E; + as for decomposition of the soft modes. 
In principle the frequencies associated with these various components are separated 
by mini-gaps, but these are expected to be very small as long as the modulation 
amplitude is not too large. Each folded acoustic mode can then be considered as a 
set of six quasi-degenerate modes associated with the six representations of the C, 
group. Therefore they are all Raman active, whatever the polarization configuration. 
Some of them. however, are more active than others. When the modulation amplitude 
is not too large, the more active modes are those for which the permittivity change 
.&eop is linear in the order parameter (see equation (I)). These latter modes can 
be found by considering the space-group representations of the high-temperature 0- 
phase. TA modes and LA modes at qu belong respectively to C, and C, and the soft 
mode to C,. Since 

C C , ~  3 r, + r4 + rs + rh and C,C, 3 r2+ r, + rs + r, (3) 

one concludes that TA folded modes are active in all polarization configurations, and 
that LA folded modes are only active in configurations (XX), (YY), (XY), (XZ), 
(YZ). (The activity of LA modes in polarized ( Z Z )  configurations should appear 
only in higher-order terms of the  order parameter expansion.) 

As in quartz the modulation wavevector qu, as well as the modulation amplitude 
p, can be considered as a small quantity, Raman mode activity can also be discussed 
by considering a go expansion of the permittivity change Atmp. ?b lowest order, one 
can show in particular that the following contributions are symmetry allowed: 
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(UL, UT and U, are the atomic displacements in the LA, mi and TAZ modes, 
respectively.) Let us compare these theoretical predictions with our observations. 

The peaks observed in the (22)  and the (ZX) configurations can be assigned 
to TAZ and LA folded modes, respectively. This is clearly demonstrated in figure 2 
and figure 4, where the observed resonance frequencies are compared with those 
calculated using the values Of the sound velocities ZI of the TAZ and LA modes, 
as measured by Brillouin scattering (Shapiro 1%9, Berge et a1 1984a) and the 
temperature-dependent incommensurate modulation wavevector nu( T) measured by 
y-ray diffractometry and neutron scattering (Bastie and Dolino 1985, Mogeon 1988). 
The agreement between observed and calculated values, which is obtained without any 
adjustable parameter, strongly supports the present assignment The small deviations 
can be explained by the fact that sound velocity dispersion, which is known to exist, 
has been neglected. For  both modes the damping r( T) of the folded acoustic modes 
is found to vary approximately as the square of the resonance frequency w,(T).  This 
is the 'normal' behaviour for acoustic phonons ( r  - Dq2 = ( D / v Z ) w ~ ) .  The ratio 
r/w: is found to be about 0.06 cm for the LA folded acoustic mode and about 0.04 cm 
for the TAZ folded acoustic mode. These values are in rough agreement with those 
calculated from Brillouin scattering data at T 2 (Shapiro 1969, Berge ef a1 1984a). 
This can be understood by noting that the Landau-Khalatnikov corrections, which 
are quite important at Brillouin frequencies (about 1 cm-l) in the incommensurate 
phase, are probably much less important at the folded acoustic mode frequency (about 
610  cm-l) so that the ratio r/wi is expected to be in this latter case approximately 
the Same as that observed above T ,  where dispersion effects are small. 

The temperature dependence of the folded acoustic mode intensity can be reliably 
deduced only in the case of the depolarized spectrum (see figure 5). Our result is 
consistent with a linear variation in the integrated peak intensity: 1, a 1; - T. 
Small-amplitude and small-modulation wavevector theory predicts that this intensity 
is proportional to p2(T)qg(T)/w:( T). Assuming that the temperature dependence 
of p2(T)  is the Same as that of the thermal expansion U,,(T) (Bachheimer 1980, 
Mogeon 1988), one actually finds a variation approximately proportional to - T 
except close to T, where the calculated intensity flattens. This discrepancy could be 
due to non-negligible contributions from higher-order terms in p and/or to deviations 
from the simple sinusoidal modulation picture. 

According to our abovedescribed analysis, other folded acoustic modes should 
be observable. The absence of peaks corresponding to the TAI folded modes can 
be easily understood because this branch is strongly damped near the modulation 
wavevector (as a result of its strong coupling to the soft mode (Dolino ef a1 1992)). 
Therefore TA1 can contribute only to the broad central peak. What is less expected 
is the lack of a TAZ peak in the depolarized spectrum, since its integrated intensity is 
predicted to be proportional to p2qi/w;A2. No explanation of this fact can at present 
be given. 

'Ib conclude, the low-frequency excitations which have been observed in the 
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incommensurate phase of quartz can be interpreted as folded acoustic modes. An 
alternative explanation would be in terms of amplitudons (Shigenari ef a1 1987). In 
the light of recent inelastic neutron results (Dolino ef a1 1992) it Seems very likely 
that these excitations which arise from the soft-phonon branch are overdamped, and 
they cannot give rise to the observed underdamped Raman peaks. Furthermore 
amplitudon frequencies are expected to increase when the temperature is lowered 
from T, to T,, whereas the observed modes have a decreasing frequency. When they 
are interpreted as folded acoustic modes, such a temperature dependence is quite well 
accounted for as being a consequence of the decrease in the length of the modulation 
wavevectors. 
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